We discuss the analogy between Shimura varieties (resp. Rapoport-Zink spaces) and moduli stacks for global G-shtukas (resp. Rapooprt Zink spaces for local P-shtukas). Along the way we also study some local properties of Rapoport-Zink spaces for local P-shtukas. This is done by constructing local models for them.
Introduction
Recall that Shimura varieties come equipped with many symmetries. The significance of these symmetries is that they encode lots of arithmetic data. Furthermore, for wide range of cases, they appear as moduli spaces for motives, according to Deligne's conception of Shimura varieties [Del70] and [Del71] . From this perspective, it is expected that the Langlands correspondence will be realized on their cohomology.
Let P be a smooth affine group scheme of finite type over D = F q [[z] ] with connected reductive generic fiber. Rapoport-Zink moduli spaces for local P-shtukas parametrizes (bounded) local P-shtukas together with a quasi-isogeny to a fixed local P-shtuka L. The local Pshtukas are function fields analogs for p-divisible groups. This justifies the naming. Recall that Rapoport-Zink spaces are local counterparts of Shimura varieties, which in particular indicates that one may hope that local Langlands correspondence would eventually be realized on their cohomology. In this context, and in analogy with number fields, one may view Rapoport-Zink spaces for local P-shtukas (resp. moduli stacks of global G-shtukas) as the function field analogs for Rapoport-Zink spaces for p-divisible groups (resp. Shimura varieties). The Rapoport-Zink spaces for local P-shtukas were first constructed and studied in [HV11] for P = G × Fq D for split reductive group G over F q , and then generalized to the case where P is a smooth affine group scheme over D with connected reductive generic fiber in [AraHar14] .
In this article we discuss some aspects of the above analogy including uniformization theory and local model theory. Along the way, we also study local geometry of the RapoportZink spaces for local P-shtukas. This is done by constructing local models for them; see Theorem 3.11. From this perspective, this article provides a brief local complementary to [AraHab16] , where the authors established the theory of local models for moduli of global Gshtukas, both in the sense of Beilinson-Drinfeld-Gaitsgory-Varshavsky, and also in the sense of Rapoport-Zink, in the following general setup. Namely, the authors only assume that G is a smooth affine group scheme over a smooth projective curve C over F q . The local model theorem for Rapoport-Zink spaces for local P-shtukas has several immediate consequences. It clarifies type of singularities in certain cases, and further provides a criterion for flatness of these spaces over their reflex ring. Recall that although the flatness of Rapoport-Zink spaces had been expected by Rapoport and Zink in [RZ96] , it was later observed that it might fail in general. This is the reason for calling the corresponding local model M naive . To achieve the flatness, one should apply certain modifications which leads to the construction of the local model M loc inside M naive . For the corresponding question for the moduli stacks of global G-shtukas we refer the reader to [AraHab16] . Apart from local consequences of the local model theory, it also has some global applications. This is simply because the local model roof is defined globally. For example it can be used to construct Kottwitz-Rapoport stratification which is useful for cohomology computations. Furthermore, the local model theory can be implemented to study the semi-simple trace of Frobenius on these spaces, by relating them to the better understood semi-simple trace of Frobenius on certain Schubert varieties in twisted affine flag varieties, e.g. see [HR] .
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Notation and Conventions
Throughout this article we denote by F q a finite field with q elements of characteristic p, C a smooth projective geometrically irreducible curve over F q , Q := F q (C) the function field of C, Q the ring of rational numbers, Q p the field of p-adic numbers for a prime p ∈ Z, A := A Q the ring of rational adeles associated with Q, A f the ring of finite adeles, A p f the ring of finite adeles away from p, F a finite field containing F q ,
the ring of formal power series in z with coefficients in F ,
the residue field at the place ν on C, A ν the completion of the stalk O C,ν at ν,
its fraction field,
the spectrum of the ring of formal power series in z with coefficients in an F-algebra R,
the formal spectrum of R [[z] ] with respect to the z-adic topology.
For a formal scheme S we denote by Nilp S the category of schemes over S on which an ideal of definition of S is locally nilpotent. We equip Nilp S with theétale topology. We also denote by
an n-tuple of closed points of C, A ν C the ring of rational adeles of C outside ν, A ν the completion of the local ring O C n ,ν of C n at the closed point ν = (ν i ),
Nilp Aν := Nilp Spf Aν the category of schemes over C n on which the ideal defining the closed point ν ∈ C n is locally nilpotent,
= NilpD the category of D-schemes S for which the image of z in O S is locally nilpotent. We denote the image of z by ζ since we need to distinguish it from z ∈ O D . G a smooth affine group scheme of finite type over C, P ν := G × C Spec A ν , the base change of G to Spec A ν , P ν := G × C Spec Q ν , the generic fiber of P ν over Spec Q ν , P a smooth affine group scheme of finite type over
the generic fiber of P over Spec F((z)).
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Let S be an F q -scheme and consider an n-tuple s := (s i ) i ∈ C n (S). We denote by Γ s the union i Γ s i of the graphs Γ s i ⊆ C S .
For an affine closed subscheme Z of C S with sheaf I Z we denote by D S (Z) the scheme obtained by taking completion along Z and by D S,n (Z) the closed subscheme of D S (Z) which is defined by I n Z . Moreover we setḊ S (Z) :
We denote by σ S : S → S the F q -Frobenius endomorphism which acts as the identity on the points of S and as the q-power map on the structure sheaf. Likewise we letσ S : S → S be the F-Frobenius endomorphism of an F-scheme S. We set C S := C × Spec Fq S , and σ := id C ×σ S .
Assume that the generic fiber P of P over Spec F((z)) is connected reductive. Consider the base change P L of P to L = F alg ((z)). Let S be a maximal split torus in P L and let T be its centralizer. Since F alg is algebraically closed, P L is quasi-split and so T is a maximal torus in P L . Let N = N(T ) be the normalizer of T and let T 0 be the identity component of
By [HR03, Proposition 8] there is a bijection
where
, and where
) are the loop group, resp. the group of positive loops of P; see [PR08, § 1.a], or [BD, §4.5], [NP] and [Fal03] when P is constant. Let ω ∈ W P \ W / W P and let F ω be the fixed field in
There is a representative g ω ∈ LP (F ω ) of ω; see [AraHar14, Example 4.12]. The Schubert variety S(ω) associated with ω is the ind-scheme theoretic closure of the L + P-orbit of g ω in F ℓ P × F F ω . It is a reduced projective variety over F ω . For further details see [PR08] and [Ric13a] .
Preliminaries
Let F be a finite field and F[[z]] be the power series ring over F in the variable z. We let P be a smooth affine group scheme over D := Spec F[[z]] with connected fibers. SetḊ := F((z)).
Definition 2.1. The group of positive loops associated with P is the infinite dimensional affine group scheme L + G over F whose R-valued points for an F-algebra R are
The group of loops associated with P is the fpqc-sheaf of groups LP over F whose R-valued points for an F-algebra R are
where we write 
It is a stack fibered in groupoids over the category of F-schemes S whose category
The inclusion of sheaves L + P ⊂ LP gives rise to the natural 1-morphism
Definition 2.2. The affine flag variety F ℓ P is defined to be the ind-scheme representing the f pqc-sheaf associated with the presheaf
on the category of F-algebras; compare Definition 2.1. Remark 2.4. (a) Let X and Y be p-divisible groups is a morphism f : X → Y which is an epimorphism as fppf -sheaves and whose kernel is representable by a finite flat group scheme over S.
(b) A quasi-isogeny is a global section f of the Zariski sheaf Hom(X, Y ) ⊗ Z Q such that n · f is an isogeny locally on S, for an integer n ∈ Z.
Analogously we here recall the definition of the category of local P-shtukas.
becomes commutative.
(d) We let Loc − P − Sht(S) denote the category of local P-shtukas over S with quasiisogenies as the set of morphisms.
Let us recall that the quasi-isogenies of p-divisible groups are rigid in the following sense. Let X and Y be p-divisible groups over S. Let S → S be a nilpotent thickening, i.e. a closed immersion defined by a nilpotent sheaf of ideal. Then the restriction QIsog S (X, Y ) → QIsog S (X, Y ) between the set of quasi-isogenies is a bijection.
Like p-divisible groups, local P-shtukas enjoy the follow rigidity property. Proposition 2.6 (Rigidity of quasi-isogenies for local P-shtukas). Let S be a scheme in Nilp F[[ζ]] and let j :S → S be a closed immersion defined by a sheaf of ideals I which is locally nilpotent. Let L and L ′ be two local P-shtukas over S. Then
is a bijection of sets.
Proof. See [AraHar14, Proposition 2.11].
In the rest of the section we want to recall the notion of local boundedness condition, introduced in [AraHar14, Definition 4.8].
Fix an algebraic closure F((ζ)) alg of F((ζ)). For a finite extensions of discrete valuation rings
alg , we denote by κ R its residue field, and we let Nilp R be the category of R-schemes on which ζ is locally nilpotent. We also set F ℓ P,R := F ℓ P × F Spf R and
. Before we can define (local) "boundedness condition", let us recall that F ℓ P,R can be viewed as an unbounded Rapoport-Zink spaces for local P-shtukas. Now consider the following functor
Proposition 2.7. The ind-scheme F ℓ P,R pro-represents the above functor.
Proof. In order to see how the representablity works, here we briefly sketch the proof, and we refer the reader to [AraHar14, Theorem 4.4.] for the complete proof. We assume that
is independent of the choice of the trivialization, and since (L + , δ) is defined over S, it descends to a point x ∈ F ℓ P .
Conversely let x be in
. The projection morphism LP → F ℓ P admits local sections for theétale topology by [PR08, Theorem 1.4]. Hence over anétale covering S ′ → S the point x can be represented by an element g
It can be shown that it descends and gives (L + , δ) over S.
Here we recall the definition of local boundedness condition from [AraHar14, Definition 4.8].
Definition 2.8. (a) For a finite extension of discrete valuation rings
we consider closed ind-subschemes Z R ⊂ F ℓ P,R . We call two closed ind-subschemes
be an equivalence class in the above sense. The reflex ring RẐ is defined as the intersection of the fixed field of {γ ∈ Aut
(c) We define a (local) bound to be an equivalence class Z := [ Z R ] of closed ind-subschemes Z R ⊂ F ℓ P,R , such that -all the ind-subschemes Z R are stable under the left L + P-action on F ℓ P and -the special fibers Z R := Z R × Spf R Spec κ R are quasi-compact subschemes of the ind scheme F ℓ P × F Spec κ R .
Note that Z R arise by base change from a unique closed subscheme Z ⊂ F ℓ P × F κ R Z . This s because the Galois descent for closed subschemes of F ℓ P is effective. We call Z the special fiber of the bound Z. It is a projective scheme over κ R Z by [AraHar14, Remark 4.3] and [HV11, Lemma 5.4], which implies that every morphism from a quasi-compact scheme to an ind-projective ind-scheme factors through a projective subscheme.
′ be an isomorphism of the associated LP -torsors. We consider anétale covering S ′ → S over which trivializations α :
We say that δ is bounded by Z if for any such trivialization and for all finite extensions R of
] for a Schubert variety S(ω) ⊆ F ℓ P , with ω ∈ W ; see [PR08] . Then we say that δ is bounded by ω.
The Analogy between Shimura varieties and moduli of G-shtukas
Recall that a Shimura data (G, X, K) consists of -a reductive group G over Q with center Z,
subject to certain conditions; see [Mil] .
Let us fix a prime number p and write
The above data determine a reflex field E := E(G, X, K), and the corresponding Shimura variety
Shimura varieties have local counterparts, which are called Rapoport-Zink spaces. They arise from local Shimura data and roughly parametrize families of quasi-isogenies of pdivisible groups to a fixed one. Let us explain it a bit further. In particular the local Shimura data determines a reflex field E := E µ , which is the field of definition of the cocharacter µ. We setǑ = OĚ. Assume that G splits over a tamely ramified extension and P is parahoric (i.e. the special fiber P s = P Fp is connected). To such a data one associates a formal schemeM := M(P, [b], {µ}) overǑ ( that up to some modifications is a moduli space for p-divisible groups with additional structures). This is called Rapoport-Zink space, associated to the local Shimura data (P, [b], {µ}). The underlying schemeM red is a union of affine DeligneLusztig varieties.
For details we refer the reader to [RV] and [SW] . See also [Kim] and Shen [She] for generalizations to the Rapoport-Zink spaces of Hodge type and abelian type, respectively.
Local Models for R-Z spaces In [RZ96] the authors propose the following method to study local properties of Rapoport-Zink spaces.
Definition 3.2. Let F/Q p be a finite extension. A local model triple (G, {µ}, P) over F consists of the following data -G is a reductive group over F , -{µ} is a conjugacy class of a cocharacter of G, -P is a parahoric group scheme over O F .
We assume that G splits over a tamely ramified extension. One can associate to a local model data a variety A over k := κ E inside the affine flag variety F ℓ P,k , with an action of P ⊗ O F k. More explicitly A is the union ∪ ω∈Adm P (µ) S(ω) of affine Schubert varieties S(ω).
Note that in particular all irreducible components of M loc ⊗ k are normal and CohenMacaulay, see [PR08, Theorem 8.4 ]. The existence and uniqueness of M loc is known for EL and P EL cases. In general only the existence is known according to [PZ] and uniqueness is not known; also compare [SW, Proposition 18.3.1], where the authors use an alternative definition and then they serve uniqueness but not the existence! According to the local model theory there is a local model roof
where π : M →M is a P-torsor and π loc is formally smooth of relative dimension dim P. In particular for every
Points of Shimura varieties mod p and uniformization theory As we mentioned above the Rapoport-Zink spaces are local counterparts of Shimura varieties. In particular their ℓ-adic cohomology is supposed to eventually realize the local Langlands correspondence, accoring to a conjecture of Kottwitz [Rap94] .
The geometry of Shimura varieties and Rapoport-Zink spaces are related through local model theory and uniformization theory. The underlying facts which play crucial role here are ( * ) The deformation space of an abelian variety is completely ruled by associated crystal (according to Grothendieck-Messing theory), and ( * * ) one can pull back an abelian variety A (resp. motive M) along a quasi-isogeny of p-divisible groups ρ : X → A[p ∞ ] (associated crystalline realization).
Suppose that the local Shimura data (P, [b ϕ ], {µ}) arise from the integral model S K for the Shimura variety corresponding to the Shimura data (G, X, K) and a morphism ϕ : Q → G G , from the quasi-motivic Galois gerb Q, see [Kis] , to the neutral Galois gerb G G . In this situation the Rapoport-Zink space is equipped with symmetries by a reductive group I ϕ . Now, regarding the fact ( * * ), one can produce the uniformization map
Furthermore, the uniformization theorem states that the above morphism induces an isomorphism after passing to the completion along certain subvarieties T ϕ,K p ⊆ S K . For the proof for the Shimura varieties of PEL-type see [RZ96] [Chapter 6], and for generalizations to Shimura varieties of Hode type and abelian type see [Kim] and [She] , respectively.
Remark 3.4. Note that the uniformization theory gives a geometric description of the Langlands-Rapoport description of the F p -points of Shimura varieties, formulated in [LR87].
Let us now move to the analogous picture over function fields.
Here the shimura data (G, X, K) would be replace by a tuple (G,Ẑ, H) which is called ∇H -data, consisting of -a smooth affine group scheme G over a smooth projective curve C over F q , -an n-tuple of (local) boundsẐ := (Ẑ ν i ) i=1...n , in the sense of Definition 2.8, at the fixed characteristic places ν i ∈ C,
To such a data one associate a moduli stack ∇ H,Ẑ n H 1 (C, G) ν parametrizing global Gshtukas with level H-structure which are in addition bounded byẐ. Let us here recall the construction. To this purpose, we first recall the definition of the moduli of G-shtukas without imposing boundedness conditions. Definition 3.5. A global G-shtuka G over an F q -scheme S is a tuple (G, s, τ ) consisting of a G-bundle G over C S , an n-tuple of (characteristic) sections s, and an isomorphism τ : σ * G| C S Γs ∼ −→ G| C S Γs . We let ∇ n H 1 (C, G) denote the stack whose S-points is the category of G-shtukas over S. Clearly there is a natural projection ∇ n H 1 (C, G) → C n . Set
The resulting moduli stack ∇ n H 1 (C, G) ν is an ind-algebraic stack. See [AraHar] for further explanation regarding the ind-algebraic structure. Furthermore, this moduli stack can be considered as a moduli for (C-)motives with G-structures. More explicitly for a connected test scheme S in Nilp Aν there areétale
realization functors. The target of the first functor is the category of tensor functors from the category of representations Rep G to the category
, where π 1 (S, s) denotes the algebraic fundamental group of S, with a geometric base point s ∈ S. See [AraHar] or [AraHar16] for the constructions and properties of these functors. Note that the set of morphisms of both categories can be enlarged to the set of quasi-isogenies.
Using tannakian formalism, we can equip the moduli stack ∇H 1 (C, G) ν of global Gshtukas with H-level structure, for a compact open subgroup H ⊆ G(A 
Definition 3.7. Let (G,Ẑ, H) be a ∇H -data in the above sense. We denote by ∇
ν the category fibered in groupoids, whose category of S-valued points ∇ H, Z n H 1 (C, G) ν (S) parametrizes tuples (G,γ), consisting of a global G-shtuka G together with a rational Hlevel structureγ such that the corresponding local
This finally establishes the assignment
This moduli stack is a formal algebraic stack according to [AraHar] , and lies over a completed fiber product of reflex rings R Z := R Zν 1× . . .×R Zν n .
The category of GL n -shtukas ∇H 1 (C, GL n )(F q ) with quasi-isogenies as the set of morphisms is equivalent with the category of C-motives Mot ν C (F q ). The latter category can be defined over any field and generalizes the category of t-motives, see [And] and [Tae] . Furthermore Mot ν C (F q ) is a semi-simple tannakian tensor category, equipped with a fiber functor [AraHar16] and also [Ara18] . Note that this is despite the complicated situation over number fields, where the corresponding fact only relies on the Tate conjecture and Grothendiecks standard conjectures. This allows one to define the corresponding motivic groupoid P := Mot ν C (F q )(ω) and identify a morphism ϕ :
R-Z spaces for local P-shtukas and their local models In analgy with the Shimura variety side we define Definition 3.8. A local ∇H -data is a tuple (P,Ẑ, b) consisting of -A smooth affine group scheme over P with connected reductive generic fiber P , -A local boundẐ in the sense of Definition 2.8.
-A σ-conjuagacy class of an element b ∈ P (F((z))).
To a tuple (P,Ẑ, b) of local ∇H -data one may associate a formal schemeM(P,Ẑ, b) which is a moduli space for local P-shtukas together with a quasi-isogeny to a fixed local Pshtuka L, determined by the local ∇H -data. In analogy with number fields, they are called Rapoport-Zink spaces (for local P-shtukas). These moduli spaces were first introduced and studied in [HV11] for the case where P is a constant split reductive group over D, and then generalized to the case where P is a smooth affine group scheme over D with connected reductive generic fiber in [AraHar14] . Here let us briefly recall the construction of these formal schemes.
Let L be a local P-shtuka over F. The boundẐ determines the reflex ring RẐ. Consider the following functoř
; where: − L is a local P-shtuka over S and
Here S is the closed subscheme of S defined by ζ = 0. By rigidity property of quasi-isogenies Proposition 2.6, this functor is equivalent with the functor introduced in Proposition 2.7, and therefore is representable by Fℓ P,RẐ . Now we define the following sub-functor Definition 3.9. LetẐ = ([R,Ẑ R ]) be a bound with reflex field RẐ.
(a) We define the Rapoport-Zink space for bounded local P-shtukas, as the space given by the following functor of pointš
− L is a local P-shtuka over S bounded byẐ and
(b) Let Z denote the special fiber ofẐ over κ. We define the associated affine DeligneLusztig variety as the reduced closed ind-subscheme X Z (b) ⊆ F ℓ G whose K-valued points (for any field extension K of F) are given by
The following theorem ensures the representability of the above functor by a formal scheme locally formally of finite type.
Theorem 3.10. The functorMẐ L is ind-representable by a formal scheme over SpfŘẐ which is locally formally of finite type and separated. It is an ind-closed ind-subscheme of F ℓ P × Fq SpfŘẐ. Its underlying reduced subscheme equals X Z (b), which is a scheme locally of finite type and separated over F, all of whose irreducible components are projective. The formal scheme representing is called a Rapoport-Zink space for bounded local P-shtukas.
Proof. See [AraHar14, Theorem 4.18].
The data (P,Ẑ, b) determines the reflex ring RẐ, see Definition 2.8, and a local P-shtuka L := (L + P, bσ). Now we may establish the assignment
Bellow, in analogy with Shimura variety side, we discuss the local model theory and uniformization theory for G-shtukas. Note here that these theories again rely on the analog of the crucial facts ( * ) and ( * * ), where have been established in [AraHar14, Proposition 5.7 and Theorem 5.10]. In particular in analogy with the Serre-Tate theorem, for a nilpotent thickening S → S, and a global G-shtuka over S, the following natural morphism
between deformation spaces is an isomorphism. This suggests that one can study the local properties of R-Z spaces for local P-shtukas by constructing so called local model diagram. We let MẐ L be the space associated to the following functor of points
Bellow we state the local model theorem for Rapoport-Zink spaces for P-shtukas. We prove it at the end of the section. 
satisfying the following properties (a) the morphism π loc is formally smooth and
Points of ∇ H,Ẑ n H 1 (C, G) ν mod ν and uniformization theory Let (G, Z, H) be a ∇H -data. Recall that giving an admissible morphism ϕ : P → G G is equivalent with fixing a global G-shtuka G over an algebraically closed field k. So let us fix a global Gshtuka (G 0 ,γ 0 ) with characteristic ν, bounded byẐ, with H-
denote the corresponding Rapoport-Zink spaces. By Theorem 3.10 the product
is a formal scheme locally formally of finite type over
Especially we see that the group I(Q) acts on iM (P ν i , Z ν i , b i ) via the natural morphism
The uniformization theorem [AraHar, Theorem 7 .4] for the moduli of G-shtukas, states the following (a) There is an I(Q)-invariant morphism
Furthermore, this morphism factors through a morphism (b) Let {T j } be a set of representatives of I(Q)-orbits of the irreducible components of
Then the image Θ ′ (T j ) of T j under Θ ′ is closed and each Θ ′ (T j ) intersects only finitely many others. Let Z denote the union of the Θ ′ (T j ) and let ∇
Remark 3.12. One can formulate a function field analog of Langlands-Rapoport conjecture, which describes the points of the special fiber of ∇ H,Ẑ n H 1 (C, G) ν /Z in terms of group theoretic data; see [AraHar16] . See also Remark 3.4.
Let us summarize the above discussion in the following table and then we give a proof for Theorem 3.11 
The category of motives Mot(F q ) with realization functors ω ℓ (−) and ω p (−)
The category of C-motives Mot ν C (F q ) with realization functors ω ν (−) and
The fiber functor ω :
The analogy between Shimura varieties and G-Shtukas
Proof. of Theorem 3.11. Sending the tuple (L :
As the local P-shtuka L is bounded byẐ, this morphism factors througĥ Z; see Definition 3.4. This defines the map π loc : MẐ L →Ẑ. Take a closed immersion i : S 0 → S defined by a nilpotent sheaf of ideals I. Since I is nilpotent, there is a morphism j : S → S 0 such that the q-Frobenius σ S factors as follows
To prove a) we have to verify that there is a map α that fits in the above commutative diagram. We construct α : S → MẐ L in the following way. First we take a lift γ : σ *
For existence of such lift see [HV11, Proposition 2.2.c)]. Now α is given by the following tuple
Notice that
). Now we prove part b). We take anétale covering M ′ →MẐ L such that the universal
This determines τ L and δ, we set
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4 Some applications of the R-Z local model for Shtukas
Local properties of R-Z spaces We say that a group P is Cohen-Macaulay (resp. normal) if all singularities occurring in the orbit closures of the orbits under the L + P action on F ℓ P are Cohen-Macaulay (resp. normal). Note in particular that this is the case when P is parahoric and P is tame, see [PR08, Theorem 8.4 ].
Corollary 4.1. We have the following statements:
a) The Rapoport-Zink spaceMẐ L is flat over its reflex ring RẐ iff ζ is not a zero divisor in OẐ.
b) The Rapoport-Zink spaceMẐ L is Cohen-Macaulay (resp. normal) iffẐ is CohenMacaulay (resp. normal). In particular when P is Cohen-Macaulay (resp. normal) and ζ is not a zero divisor in OẐ thenMẐ L is Cohen-Macaulay.
Proof. The part a) is clear according to Theorem 3.10 and Theorem 3.11 and that the henselization morphism R → R h is faithfully flat. Again the first statement of part b) follows from the fact that being Cohen-Macaulay (resp. normal) is anétale local property. For the second statement assume that ζ is not a zero divisor, as Z is Cohen-Macaulay, we argue thatẐ is Cohen-Macaulay, and has no embedded associated primes.
Kottwitz-Rapoport stratification In the rest of this section we assume that P is a parahoric group scheme. This in particular implies that F ℓ P is ind-projective. The local model diagram induces a smooth morphismM
of formal algebraic stacks; see [Ara12, Section 2.1]. This morphism induces a morphism M s → L + P\Z of the special fibers. As a set L + P\Z, is a set {x ω } ω corresponding to the orbits of the L + P-action onẐ, indexed by a finite subset of the affine Weyl group W associated with P . The preimages of x ω define a stratification {M ω } ω onM by smooth sub-schemesM ω . The closure relation between these strata is given by the natural Bruhat order on W and one may setM ω := ∪ λ ωM λ .
Semi-simple trace and the induced morphism of cohomologies Let S := Spf R be a formal spectrum of a complete discrete valuation ring R, with special point s and generic point η with residue fields k := κ(s) and K := κ(η) respectively. Consider the Galois group Γ = Gal(κ(η)/κ(η)) and the inertia subgroup I := ker (Γ → Gal(κ(s)/κ(s))), where κ(s) is the residue field of the normalization S of S in κ(η).
For a formal scheme X, locally of finite presentation over R, we let X η denote the associate K-analytic space in the sense of [Ber] . Let X s denote the geometric special fiber. To the following diagram 
see [Ber] . Here F η denotes the restriction of F to X η .
There is a spectral sequence of vanishing cycles
This spectral sequence is equivariant under the action of the Galois group Γ. Note that the induced filtration on V = H * (X η , Q ℓ ) is admissible in the following sense. It is stable under the W -action and that I operates on gr Let y be the image of a point y ′ in M ′ above x, under π loc • s ′ . Since semi-simple trace isétale local invariant, we have tr ss (F rob x ; RΨM x (Q ℓ )) = tr ss (F rob y ; RΨẐ y (Q ℓ )). Note that when Z comes from a cocharacter µ of P , the latter admits a description in terms of the associated Bernstein function z µ,r in the center of the corresponding (parahoric) Hecke algebra, according to the Kottwitz's conjecture; see [HR] .
Let Z be the scheme theoretic image of M ′ under the canonical map f given by the following
